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A simple model for a scalar field and gravity admits cosmological solutions which cross the Big
Bang singularity. In the scaling frame with field dependent effective Planck mass these solutions are
regular. They become singular in the Einstein frame with fixed Planck mass. This field singularity
arises since the field transformation of the metric to the Einstein frame is singular at the crossing
point of a vanishing scalar field. No physical singularity is present . Within general models with no
more than two derivatives we find that a crossing of the ”Big Bang singularity” is not generic. It
needs a tuning of model parameters.
It is commonly believed that cosmological models of the
Big Bang have an initial singularity where our observed
Universe shrinks to a point [1, 2]. This includes models
of inflation [3–9], for which moving massive particles ”see”
a finite proper time to the singularity [10, 11] (geodesic
incompleteness). Speculations that this ”Big Bang singu-
larity” may be crossed during the evolution of the Universe
have been made by many authors [12–39]. In such mod-
els the Universe undergoes a ”shrinking stage” where it
approaches the singularity, and expands after crossing the
singularity. Not much is known about the precise condi-
tions for this to happen, mostly because of the absence of
concrete diffeomorphism invariant field equations admit-
ting crossing solutions which can be studied explicitly.
It has been noticed that for many models the ”Big
Bang singularity” is actually not a physical singularity, but
rather due to a singular choice of fields [40–45]. For such
field singularities there exist other choices of the metric or
other ”frames” for which the solutions remain regular. In
particular, a crossing of the Big Bang singularity can be
described by regular solutions. First examples of this type
of controlled ”singularity crossing” can be found in Ref.
[43].
So far the models that describe explicitly the crossing
of the Big Bang singularity by regular solutions of the
field equations involve higher derivative terms. The field
equations are rather complex and make systematic studies
cumbersome. In this note we present a simple model of a
scalar field coupled to gravity for which the effective action
contains no more than two derivatives. For this model of
variable gravity the dynamical Planck mass is given by a
scalar field χ. The coefficient of the scalar kinetic term is
negative without inducing any instability. For a simple so-
lution χ crosses the value zero. In the Einstein frame this
corresponds to a crossing of the Big Bang singularity. Our
model constitutes a very simple explicit example where the
evolution of the Universe crosses the Big Bang singularity.
Due to the presence of a regular frame all questions related
to the properties of the Big Bang crossing can be studied
directly in a well defined framework. In particular, we will
address the question if the models admitting a crossing
cosmology are generic. We also investigate the question if
the properties of the primordial fluctuation spectrum are
realistic.
1. Crossing Big Bang model
Scaling frame. Our model considers a possible quantum
effective action for variable gravity [41]
Γ =
∫
χ
√
g
{
−χ
2
2
R+
1
2
(B − 6)∂µχ∂µχ+ µ4
}
. (1)
The Planck mass is dynamical, given by the scalar field
χ. The potential is simply a constant. For the kinetic
term we take constant B. The model is stable for B > 0
despite the fact that the coefficient of the kinetic term –
the kinetial – is negative for B < 6. This can be seen from
the field equations below or by a transformation to the
Einstein frame, also given below. The reason of stability is
a mixing of the kinetic terms for χ and the scalar mode in
the metric. We will choose B = 4, or (B − 6)/2 = −1.
We describe homogeneous isotropic cosmologies with a
Robertson-Walker metric with scale factor a(t), cosmic
time t, Hubble parameterH = ∂t ln a, and curvature scalar
R = 12H2 + 6H˙, with dots denoting the time derivatives,
H˙ = ∂tH . The gravitational field equations obtain by vari-
ation of the effective action (1) with respect to the metric
and read [41]
3χ2H2 + 6Hχχ˙ = µ4 +
B − 6
2
χ˙2, (2)
and
χ2R = 4µ4 −Bχ˙2 − 6χ(χ¨+ 3Hχ˙). (3)
The scalar field equation is given by
(B − 6)(χ¨+ 3Hχ˙) = χR. (4)
For the particular choice B = 4 the three field equations are
solved for flat Minkowski space with constant scale factor
a¯,
gµν = a¯
2ηµν , H = 0, R = 0, χ˙ = µ
2. (5)
The evolution of the scalar field is very simple,
χ = µ2t, (6)
2where we choose t such that χ(t = 0) = 0. This solution
is invariant under time reflection accompanied by a change
of sign for χ, t→ −t, χ→ −χ.
There is not much doubt that this simple solution is
regular for all times. (One could modify the model in order
to stop the increase of |χ| for |t| → ∞.) We will show next
that the crossing of zero by the scalar field corresponds
to the Big Bang singularity in the Einstein frame. This
singularity is induced by a singular choice of the metric
variable.
Einstein frame. The metric in the Einstein frame gEµν
obtains from the metric in the scaling frame gµν used in
Eq. (1) by a Weyl transformation [46, 47]
gEµν = w
2gµν , w
2 =
χ2
M2
. (7)
The Planck mass M is introduced only by the definition
of gEµν , rather than being a fundamental mass scale. The
transformation is singular for χ = 0. In the Einstein frame
the effective action (1) reads
Γ =
∫
x
√
gE
{
−M
2
2
RE +
BM2
2χ2
∂µχ∂µχ+
M4µ4
χ4
}
, (8)
where indices are now raised with gµν
E
, and RE is the cur-
vature scalar in the Einstein frame. Defining a different
normalization of the scalar field,
ϕ =M ln
(
χ4
µ4
)
, (9)
the effective action takes the form
Γ =
∫
x
√
gE
{
−M
2
2
RE +
B
32
∂µϕ∂µϕ+ VE(ϕ)
}
, (10)
with exponential potential
VE(ϕ) = M
4 exp(− ϕ
M
). (11)
We could absorb a factor B/16 by a rescaling of ϕ in order
to bring the kinetic term to a standard form, but we will
not do this here. We observe that positive and negative
values of χ correspond to the same ϕ. The value χ = 0
corresponds to the limit ϕ→ −∞.
On the level of the quantum effective action, and the
field equations and propagators derived from it, it has
been argued that all models related by field transfor-
mations are indistinguishable by observation and there-
fore completely equivalent [48, 49]. This property has
been called ”field relativity” [40, 43]. For many observ-
able quantities explicit transformations between different
frames and frame-invariant formulations have been estab-
lished [39, 42, 48, 50–64]. We discuss here the solutions
of the field equations derived from the effective action
(10),(11). They are equivalent to the solutions obtained
from the effective action (1), in particular the crossing so-
lution (5),(6). Conformal time η is frame invariant. Cor-
respondingly, χ(η) is the same in both frames.
For arbitrary B(ϕ) the gravitational field equations de-
rived from the effective action (8) are for a Robertson-
Walker metric given by
3M2H2E = VE +
B
32
ϕ˙2, (12)
and
M2RE = M
2(12H2E + 6H˙E) = 4VE −
B
16
ϕ˙2. (13)
Dots denote now derivatives with respect to cosmic time
tE in the Einstein frame. The scalar field equation obtains
as
ϕ¨+ 3Hϕ˙+
1
2
∂ lnB
∂ϕ
ϕ˙2 = −16
B
∂VE
∂ϕ
=
16VE
BM
. (14)
Eqs. (12) and (13) can also be written in the form
B
32
ϕ˙2 = −M2H˙E, VE = M2(3H2E + H˙E). (15)
For a solution we make the ansatz
HE =
η¯
tE
, VE =
c2M2
t2
E
, (16)
leading to
ϕ˙ =
2M
tE
, H˙E = −1
η¯
H2E. (17)
Insertion into the field equation yields for constant B
η¯ =
B
8
, c2 =
B
8
(
3B
8
− 1
)
. (18)
In particular, for
B = 4, η¯ =
1
2
, c2 =
1
4
(19)
one has
HE =
1
2tE
, H˙E = − 1
2t2
E
, RE = 0, ϕ = 2M ln(2MtE).
(20)
For tE → 0 the Hubble parameter diverges and the scalar
field ϕ moves to −∞. This associates tE → 0 with the
crossing of zero by χ in the scaling frame, χ(tE → 0) = 0.
The solution (20) corresponds precisely to the solution
(5),(6) for χ > 0 in the scaling frame. With Eq. (9) one
has
χ = µ
√
2MtE. (21)
We need the translation to conformal time η. (The similar
symbols for conformal time and the constant η¯ in the ansatz
(16) are due to historical conventions and should not lead
to confusion.) With
aE = cE
√
2MtE,
dη
dtE
=
1
aE
, (22)
3one finds
η =
1
cEM
√
2MtE, χ = cEMµη. (23)
In the scaling frame one has for Minkowski space t = a¯η.
Eqs. (23) and (6) indeed agree if we adjust the free dimen-
sionless integration constants cE and a¯ such that cEM =
a¯µ.
Crossing the singularity. We next establish that the so-
lution (20) becomes singular for tE → 0. While for general
constant B the curvature scalar diverges,
RE =
6η¯(2η¯ − 1)
t2
E
=
3B(B − 4)
16t2
E
, (24)
it vanishes for the special value B = 4. What diverges for
B = 4 and tE → 0 is the squared Ricci tensor
REµνR
µν
E
=
1
4
R2
E
+ 3H˙2
E
=
3
4t4
E
. (25)
Usually, such a behavior is called a singularity. With scale
factor aE in the Einstein frame
aE = d0
√
tE,
√
gE = d
3
0t
3/2
E
, d0 = cE
√
2M, (26)
also the combination
√
gER
µν
E
REµν =
3d30
4
t
−5/2
E
(27)
diverges. Since we have seen before in the scaling frame
that no physical singularity is associated to χ = 0, we
already know that this singularity in the Einstein frame
cannot be a physical singularity. It is a pure ”field singu-
larity”, arising from the singular choice of the metric field
gEµν for χ→ 0.
So far we have concentrated on the solution where the
Universe expands as tE increases, moving away from the
singularity. There exists another solution where the Uni-
verse shrinks for increasing tE, evolving into the singular-
ity. Using negative tE the shrinking solution (Big Crunch)
is given by (B = 4)
HE =
1
2tE
, H˙E = − 1
2t2
E
, aE = d0
√−tE, RE = 0,
ϕ = 2M ln(−2MtE), ϕ˙ = 2M
tE
, VE =
M2
4t2
E
.
(28)
As tE increases this solution reaches the singularity at tE =
0. In this limit ϕ moves to −∞.
Seen from the regular scaling frame the interpretation of
the two solutions (20),(28) is simple. For the solution (6)
one starts for negative t with negative χ, reaches χ = 0
at t = 0, and has positive χ for positive t. The part with
negative t and negative χ corresponds to the ”Big Crunch”
where the Universe shrinks and ϕ decreases to −∞. At t =
0 the singularity is reached. For positive t one has the Big
Bang with an expanding Universe with ϕ increasing. This
describes a crossing of the singularity, from a Big Crunch
to a Big Bang. We recall that cosmic time t in the scaling
frame is not the same as cosmic time tE in the Einstein
frame – they are related by the common conformal time η.
We have chosen time conventions where t = 0 corresponds
to tE = 0, and t > 0 (t < 0) is mapped to tE > 0 (tE < 0).
These simple finding demonstrate our central statement:
The crossing of a singularity in the Einstein frame can be
a completely regular solution in some other frame. It is
a field singularity, arising from a singular choice of ”field
coordinates”.
We notice that we may add higher derivative geometric
invariants to the effective action (1), as the squared cur-
vature scalar,
√
g R2, or the squared Weyl tensor, W =√
g CµνρσC
µνρσ . Those terms, or possible generalizations
of the type
√
g RCR or
√
g CµνρσDC
µνρσ , with C and
D functions of covariant Laplacians, are expected to be
present in any type of quantum gravity. They will dom-
inate the behavior of the metric propagator for momenta
much larger than χ. Such invariants play, however, no
role for the solution (6). The invariant W does not influ-
ence the homogeneous isotropic field equations since the
Robertson-Walker metric is conformally flat. Also
√
g R2
does not affect the solution. Its contribution to the field
equation is proportional to R, and therefore vanishes by
virtue of Eq. (5).
2. Parameter tuning
Let us next ask if a crossing of the Big Bang is generic,
or if it needs the selection of particular models. We con-
sider families of neighboring models and ask if a particular
tuning of parameters is necessary for the ”Big Bang singu-
larity” to be crossed.
Frame invariant field equations. It is convenient to dis-
cuss this issue by using frame invariant field equations.
This permits the straightforward translation of a given so-
lution from one frame to the other. We consider here the
general form of the effective action for variable gravity with
up to two derivatives [41]
Γ =
∫
χ
√
g
{
−F (χ)
2
R +
1
2
K(χ)∂µχ∂µχ+ V (χ)
}
. (29)
The field equations can be written in a frame invariant
form [58]. With conformal time η the two gravitational
field equations read
2Hˆ2 + ∂ηHˆ = A2Vˆ , (30)
Hˆ2 − ∂ηHˆ = Kˆ
2
(∂ηχ)
2, (31)
and the scalar field equation is given by
Kˆ(∂2η + 2Hˆ∂η)χ+
1
2
∂Kˆ
∂χ
(∂ηχ)
2 + A2
∂Vˆ
∂χ
= 0. (32)
4Here the frame invariant quantities are
A =
√
F a, Hˆ = ∂η lnA, (33)
Vˆ =
V
F 2
, Kˆ =
K
F
+
3
2F 2
(
∂F
∂χ
)2
. (34)
In the scaling frame one has F = χ2 and therefore
A = aχ, Hˆ = ∂η ln a+ ∂η lnχ,
Vˆ =
V
χ4
, Kˆ =
B
χ2
.
(35)
The Einstein frame is characterized by F = M2. Solutions
for χ(η) and A(η) of the field equations (30)–(32) are valid
in all frames related by Weyl scalings.
Let us define
Bˆ = Kˆχ2, (36)
such that Bˆ = B in the scaling frame. Combining Eqs.
(30)(31) one has
3Hˆ2 = A2Vˆ + Bˆ
2χ2
(∂ηχ)
2. (37)
Multiplying Eq. (32) by χ2 and inserting Eq. (37) yields
Bˆ

∂2ηχ± 2∂ηχ
√
A2Vˆ
3
+
Bˆ
6χ2
(∂ηχ)2
+
1
2χ
(
∂ ln Bˆ
∂ lnχ
− 2
)
(∂ηχ)
2
}
= −A2χ2 ∂Vˆ
∂χ
.
(38)
Crossing solutions. We are interested in crossing solu-
tions χ(η) with
χ(0) = 0, ∂ηχ = τ, (39)
with finite τ > 0. The scalar field changes form negative
values for η < 0 to positive values for η > 0. If for the
scaling frame with F = χ2 the geometry corresponding to
this solution is regular, it will typically become singular in
the Einstein frame where F = M2. A first condition for
such a solution is its existence for small values of |χ|. We
assume here that Vˆ and Bˆ behave near χ = 0 as
Vˆ =
(
µ
χ
)γ0
, Bˆ(0) = B0. (40)
Then Hˆ diverges for η → 0, χ→ 0. This divergence has to
be canceled by the other terms in Eq. (38), requiring
B0τ

±2
√
A2χ2Vˆ
3
+
B0τ2
6
− τ

 = −A2χ2 ∂Vˆ∂ lnχ. (41)
Here we assume B0 > 0, finite ∂Bˆ/∂χ and finite ∂
2
ηχ. Eq.
(41) is understood as the limit χ→ 0 and the plus (minus)
sign applies to Hˆ > 0 (Hˆ < 0). Eq. (41) will yield a first re-
lation between the model parameters and some particular
combination of field values at η = 0. We will below derive
a second condition for the geometry to be regular at the
crossing point in an appropriate frame. The two conditions
will over-constrain the system, such that only for a particu-
lar relation or ”tuning” between the model parameters B0
and γ0 a regular crossing solution can be obtained.
We next exploit the constraint (41). Assuming finite
γ(χ) = −∂ ln Vˆ
∂ lnχ
, γ(χ = 0) = γ0, (42)
one obtains for the variable z = A2χ2Vˆ the limiting con-
dition for χ→ 0, η → 0,
B0τ
{
±2
√
z0
3
+
B0τ2
6
− τ
}
= γ0z0,
z = A2χ2Vˆ , z(η = 0) = z0.
(43)
Close to χ = 0 we can approximate Vˆ by Eq. (40) such
that the finiteness of z requires
A2 ∼ χγ0−2, Hˆ = (γ0 − 2)τ
2η
. (44)
For any initial ∂ηχ(η = 0) = τ the relation (43) fixes z0
and therefore the behavior of A as
z0 =
2B20τ
2
3γ2
0

1− 3γ02B0 ±
√
1 +
3(γ2
0
− 2γ0)
2B0

 . (45)
This expresses the combination z0/τ
2 as a function of the
model parameters γ0 and B0, constituting the first con-
straint. For Vˆ > 0, γ0 > 0 one has the condition z0 > 0.
The expression in the brackets needs to be positive. From
Eq. (43) we learn that this is only possible for
z0 >
3
4
(
1− 2B0
3
)
τ2. (46)
The limiting solution with z0 = 0 exists only for B0 = 3/2.
Let us consider first the particular models (1) with con-
stant B, corresponding to γ0 = γ = 4, B0 = B. With
z0
τ2
=
B2
24
{
1− 6
B
±
√
1 +
12
B
}
(47)
the only possible solution needs the plus sign for the square
root if B < 6. Positive z0 requires
B >
3
2
. (48)
We conclude that a crossing of the Big Bang singularity is
only possible for B > 3/2. By an analogue discussion this
statement extends to more general models with arbitrary
γ0 > 0, with B replaced by B0.
5Tuning of parameters. We next derive a second con-
straint for z0/τ
2. For general model parameters γ0, B0
this will overconstrain the system, thus allowing only for
particular combinations. For B0 > 3/2 we can implement
at η = 0 the initial conditions (39) for χ(η). We need
to discuss the behavior of the second variable for η → 0.
Instead of the variable A which diverges we could use z,
with initial condition z(0) = z0 given by Eq. (45). We
equivalently employ
h = χHˆ = ±
√
z
3
+
Bˆ
6
(∂ηχ)2,
z = 3h2 − Bˆ
2
(∂ηχ)
2.
(49)
The two frame invariant functions characterizing the gen-
eral homogeneous and isotropic cosmologies are therefore
h(η) and χ(η), where h(η) encodes the behavior of geome-
try. In terms of h we write the evolution equation (38) in
the form
∂2ηχ =
1
χ
{(
1− ∂ ln Bˆ
∂ lnχ
− γ(χ)
2
)
(∂ηχ)
2
− 2h∂ηχ+ 3γ(χ)h
2
Bˆ
}
.
(50)
Here γ(χ) = −∂ ln Vˆ /∂ lnχ and Bˆ(χ) are known finite
functions for a given model. The initial condition,
h(0) = h0 = ±
√
z0
3
+
B0τ2
6
, (51)
guarantees that the bracket on the r. h. s. of Eq. (50) van-
ishes for χ→ 0, such that ∂2ηχ is defined for η = 0, χ = 0.
The evolution equation for h reads
∂ηh = Hˆ∂ηχ+χ∂ηHˆ = 1
χ
[
h2 + h∂ηχ− Bˆ
2
(∂ηχ)
2
]
. (52)
For a regular crossing solution the r. h. s. of Eq. (52) needs
to be well defined for χ→ 0, which imposes for the initial
conditions
h2
0
+ h0τ − B0
2
τ2 = 0. (53)
Combined with Eq. (51) one has to require
z0
3
± τ
√
z0
3
+
B0τ2
6
− B0τ
2
3
= 0. (54)
Dividing by τ2 yields our second constraint for z0/τ
2.
With Eqs. (43) and (54) we have two equations for z0/τ
2.
They can be obeyed simultaneously only if B0 and γ0 are
subject to a certain condition. Eliminating the square root
by use of Eq. (43) one finds
z0
τ2
=
(
B0 − 3
2
)(
1 +
3γ0
2B0
)
−1
. (55)
Reinserting this into Eq. (54) yields two possible solutions
B0 = γ0
(γ0
2
− 1
)
,
z0
τ2
=
(γ0 + 1)(γ0 − 2)(γ0 − 3)
2(γ0 − 1 ,
(56)
or
B0 =
3
2
, z0 = 0, h0 = ±τ
2
. (57)
In particular, for γ0 = 4 the constraint (56) yields B0 = 4
and we recover the solution (6) for constant γ and B. For
τ = 0 there are additional possibilities
τ = 0, z0 = 0, h0 = 0, (58)
that will not be discussed in detail here.
We conclude that the crossing of the ”Big Bang singu-
larity” at χ = 0 with a finite nonzero derivative ∂ηχ = τ
at the crossing point is only possible for a selected class
of models. Crossing solutions with z0 6= 0 require a tun-
ing of model parameters according to the constraint (56).
We concentrate on this generic case. The main result of
this section is the observation that for general families of
models parametrized by γ0 and B0 only a one-dimensional
subclass is compatible with regular crossing solutions. For
this subclass B0 needs to be tuned in accordance to the
behavior of the potential encoded in γ0,
B0 =
γ2
0
2
− γ0. (59)
For an analytic form of F (χ) and V (χ) at χ = 0 both F
and V involve integer powers of χ in an expansion around
χ = 0. In consequence, γ0 is an integer. For models with
a discrete symmetry χ → −χ this integer is even. As a
result, B0 has also to be an even integer. This illustrates in
a simple way that crossing solutions need a specific choice
of parameters.
Generic models. For generic models with a powerlike
behavior of the potential near χ = 0, as encoded in γ0, the
relation (59) is not met. If B0 differs from the value (59)
and B0 6= 3/2, no solution can reach χ = 0 at finite η0
with non-zero derivative ∂ηχ(η0). One possibility is that
χ = 0 is reached only for infinite η → ±∞. This type
of solution has been found for many models [41, 43–45,
65] that correspond to standard inflationary models in the
Einstein frame. The physical picture is a beginning as the
”great emptiness”, rather than a crossing of the Big Bang
singularity. As another possibility χ = 0 is not reached for
any value of η. Solutions are repelled from the ”Big Bang
singularity”. Finally, the approach of χ(η) to the value
χ = 0 could be non-analytic. In this case one may ask if a
regular behavior could be obtained by a different choice of
the scalar field.
3. Scaling solutions
Models with constant γ and Bˆ admit particularly sim-
ple scaling solutions. These scaling solutions permit for
6a more global view of candidate solutions crossing the Big
Bang singularity. In the vicinity of χ = 0 the regular cross-
ing solutions should obey the constraints developed above,
with γ0 = γ and B0 = Bˆ identified.
Dimensionless field equations. For a discussion of the
scaling solutions it is convenient to switch to dimensionless
field equations. This form of the equations is also particu-
larly appropriate for possible numerical solutions. The field
equations (30)–(32) are valid for χ 6= 0. We have omitted
overall powers of χ multiplying these equations. For χ 6= 0
we can use the dimensionless variable
s = ln
(
χ
µ
)
, ∂ηs =
∂ηχ
χ
, ∂2ηs =
∂2ηχ
χ
− (∂ηs)2. (60)
Eq. (31) becomes
Hˆ2 − ∂ηHˆ = Bˆ
2
(∂ηs)
2, (61)
while eq. (32) takes the form
Bˆ∂2ηs+ 2Hˆ∂ηs+
1
2
∂Bˆ
∂s
(∂ηs)
2 + A2
∂Vˆ
∂s
= 0. (62)
The explicit factors of A can be absorbed by replacing η
by a new variable y obeying
∂y
∂η
= A. (63)
With
H˜ =
Hˆ
A
= ∂y lnA, ∂yH˜ + H˜
2 =
1
A2
∂ηHˆ,
∂ys =
1
A
∂ηs,
1
A2
∂2ηs = ∂
2
ys+ H˜∂ys,
(64)
the geometric field equations become
∂yH˜ + 3H˜
2 = Vˆ , (65)
∂yH˜ = − Bˆ
2
(∂ys)
2, (66)
while the scalar field equation reads
Bˆ
[
∂2ys+ 3H˜∂ys+
1
2
∂ lnB
∂s
(∂ys)
2
]
+
∂Vˆ
∂s
= 0. (67)
The quantities y, H˜ , s, Vˆ and Bˆ are all dimensionless.
The system of field equations (65)–(67) has eliminated all
dependence on frame and all scales. The overall size of A
plays no role.
It is instructive to see the simple crossing solution (6) in
this formulation. The corresponding model is defined by
Vˆ = e−4s,
∂Vˆ
∂s
= −4Vˆ , (68)
and Bˆ = B = 4. For the solution (6) one has in the scaling
frame η = t, a¯ = 1 and
χ = µ2η, s = ln(µη),
A = χ,
∂y
∂η
= µ2η, y =
µ2η2
2
.
(69)
The frame invariant quantities obey
s =
1
2
ln(2y), ∂ys =
1
2y
, Vˆ =
1
4y2
, (70)
and
H˜ =
1
χ
∂η lnχ =
1
A
∂ηs = ∂ys. (71)
For B = 4 all equations (65)–(67) are obeyed indeed.
General scaling solutions. We next turn to general con-
stant Bˆ. We also consider constant γ, as defined by
Vˆ = e−γs, s = − 1
γ
ln Vˆ . (72)
For the scaling solution we make the ansatz
Vˆ =
c
y2
, ∂ys =
2
γy
, H˜ =
b
y
. (73)
With this ansatz the field equations become algebraic equa-
tions for the constants c, b,
b =
2Bˆ
γ2
,
c = −b+ 3b2 = −2Bˆ
γ2
+
12Bˆ2
γ4
.
(74)
Only two of the field equations are independent. The equa-
tion corresponding to Eq. (67),
Bˆ
(
− 2
γ
+
6b
γ
)
− cγ = 0, (75)
is obeyed automatically if the two equations (74) are
obeyed. For positive Vˆ we require
c > 0, b >
1
3
, Bˆ >
γ2
6
. (76)
We next translate the scaling solution (73) to conformal
time. For b and c given by Eq. (74) one has
∂ lnA
∂y
=
b
y
, A = A0y
b, (77)
with A0 an integration constant. The relation between y
and η obtains as
∂y
∂η
= A0y
b, y =
(
η
η0
) 1
1−b
, (78)
where η0 is related to the integration constant A0 by
η0 =
1
A0(1− b) . (79)
We also turn back to the scalar field χ,
ln
(
χ
µ
)
= s = − 1
γ
ln
(
c
y2
)
,
χ
µ
=
(
y2
c
) 1
γ
. (80)
7For the scaling solution it evolves with conformal time as
χ = c−
1
γ µ
(
η
η0
) 2
γ(1−b)
. (81)
Finally, A(η) and Hˆ(η) are given by
A = A0
(
η
η0
) b
1−b
, Hˆ = b
1− b η
−1. (82)
Eqs. (81), (82) are the scaling solution in a frame invari-
ant form. Eq. (82) can be translated into every particular
frame by insertion of the definition of A. This yields the
time dependence of the scale factor a(η). For the example
of the scaling frame one has
a =
A
χ
= a¯
(
η
η0
) γb−2
γ(1−b)
, a¯ =
A0c
1
γ
µ
. (83)
The critical quantity for the behavior of the scaling so-
lutions is
δ =
2
γ(1− b) , χ ∼ η
δ. (84)
For δ < 0 one finds that χ diverges for η → 0 and vanishes
for η →∞. A similar scaling solution exists for negative η,
with χ = 0 reached only for η → −∞. For this type of solu-
tion the Universe is eternal – it can be followed backwards
to the infinite past. This is the type of solutions discussed
in Refs. [41, 43–45]. For δ < 0 there is no crossing of the
”Big Bang singularity” at χ = 0 for any finite η.
For δ > 0, however, χ = 0 is reached at η = 0. The
function χ(η) remains differentiable for integer δ. For our
example (6) γ = 4, B = 4, b = 1/2 one has indeed δ = 1.
Similarly, with
A ∼ η δγ2 −1, (85)
one finds that A vanishes for η → 0 in a differentiable
way for integer δγ/2 larger than one. A potential that is
a polynomial in χ2 has even integer γ. For example, a
potential ∼ χ2 has γ = 2. For δγ = 2 one has constant A,
while δγ > 2 corresponds to A(η = 0) = 0.
Regular crossing scaling solutions. The scaling solutions
describing a regular crossing of the Big Bang singularity
correspond to positive integer δ. Expressed in terms of the
model parameters Bˆ and γ one finds
δ =
2γ
γ2 − 2Bˆ . (86)
For δ = 1 this fixes Bˆ1(γ),
Bˆ1(γ) = γ
(γ
2
− 1
)
. (87)
We recognize the constraint (56). Since B1 vanishes for
γ = 0 or γ = 2, which corresponds to potential ∼ χ4 or χ2,
these cases are limiting cases.
Models with δ = 2 have to obey
Bˆ2(γ) =
γ
2
(γ − 1). (88)
One has Bˆ2(2) = 1, Bˆ2(4) = 6. For a constant potential,
γ = 4, we observe two particular values of Bˆ. For Bˆ = 4
one has χ ∼ η, A ∼ η and for Bˆ = 6 we find χ ∼ η2, A ∼ η3.
We conclude that the ansatz (73) leads to solutions that
remain analytic for η → 0 only for special values of Bˆ.
General solutions in dimensionless variables. The ansatz
(73) does not account for the most general solution of the
system of differential equations (65)–(67). The general so-
lution s(y), H˜(y) has two free integration constants that
we may take as s(yin), ∂ηs(yin). Indeed, we can combine
the field equations into a simple equation for s(y), with
primes denoting derivatives with respect to y
Bˆ

s′′ ± s′
√
3Vˆ +
3Bˆ
2
s′2 +
1
2
∂ ln Bˆ
∂s
s′2

 = −∂Vˆ
∂s
. (89)
(Here the plus (minus) sign corresponds to positive (nega-
tive) H˜.) The function H˜(y) can then be inferred from Eqs.
(65), (66). One integration constant, say s(yin) can be ab-
sorbed by a shift in y. The general (local) solutions have
therefore one additional free integration constant besides
this trivial shift.
The scaling solutions are not the most general solutions.
Indeed, the ansatz (77) has no further integration constant
and can therefore not be the most general solution. One
may ask if for model parameters γ and Bˆ not obeying the
constraint for the crossing scaling solutions some of the
general solutions could, nevertheless, cross the Big Bang
singularity. This is no possible, however. The constraints
(56)–(58) tell us that generic solutions will not lead to a
crossing of the ”Big Bang singularity” with a finite deriva-
tive ∂ηχ at η = 0. Solutions for which ∂ηχ remains always
finite cannot cross the ”Big Bang singularity” at χ = 0
unless one of the conditions (56)–(58) is obeyed.
Non-polynomial potentials. Restrictions on the allowed
Bˆ for scaling solutions crossing the ”Big Bang singularity”
with finite ∂ηχ are connected to the assumption of integer
values of γ for a polynomial Vˆ (χ). One may relax this as-
sumption and also discuss non-polynomial potentials. For
a given Bˆ we can find a crossing scaling solution with δ = 1
provided γ obeys the relation
γ = 1±
√
1 + 2B. (90)
In this case one has
χ ∼ η, A ∼ η γ2−1. (91)
A crossing for a nonzero finite scale factor a(0) = a¯ requires
F ∼ χγ−2 ∼ ηγ−2,
V = Vˆ F 2 = χγ−4.
(92)
Allowing for non-polynomial F and V a scaling solution
crossing χ = 0 with finite ∂ηχ is possible for a continuous
8range in Bˆ. A non-analytic form of F and V for χ→ 0 may,
however, not be the outcome of a quantum field theory.
Even for non-polynomial F and V the crossing solutions
are not generic. They still require a tuning between the
parameters γ and Bˆ.
A singular solution with χ ∼ ηδ, and non-integer δ can
be made regular by switching to a different scalar field
σ ∼ χ1/δ. In this case a polynomial form of V (χ) and
F (χ) transform to a non-analytic behavior of V (σ) and
F (σ). The concept of regular solutions crossing the Big
Bang employed in this note requires that both the functions
V (χ) and F (χ) defining the model are regular at χ = 0,
and the solution χ(η) is regular at χ = 0. With this un-
derstanding the overall outcome of this investigation shows
that crossing solutions are not generic for the class of vari-
able gravity models (29). Tuning of model parameters is
required.
4. Primordial fluctuations
A reliable computation of the spectrum of primordial
fluctuations for cosmologies crossing the Big Bang has been
an open issue for a long time, giving rise to many de-
bates. In the presence of an explicit model and explicit
regular solutions of the field equations this spectrum can
be computed in a very direct way. It only involves a
”Bunch-Davies-type” initial conditions that for momenta
much larger than the scale of the curvature or other ge-
ometric quantities the propagator approaches the vacuum
propagator in Minkowski space.
The spectrum of of primordial fluctuations is given by
the correlation function for the gauge invariant physical
scalar and the graviton (traceless transverse tensor mode.)
In turn, the correlation function is given by the inverse of
the second functional derivative of the quantum effective
action [66, 67]. These simple relations permit the study of
the cosmic fluctuations in a frame invariant way [58].
In particular, we can compute the fluctuation spectrum
in the Einstein frame. The general model of variable grav-
ity (29) with F = χ2 is given in the Einstein frame by Eq.
(10), where B is obtained as
B(ϕ) =
(
K(χ(ϕ)) + 6
)(
1− 1
4
∂ lnV
∂ lnχ
)
−2
. (93)
For this convention of the scalar field with an exponential
potential (11) the properties of the fluctuation spectrum
are directly related to the kinetial B(ϕ). The tensor to
scalar ratio r and the scalar spectral index n obtain as
[41, 43, 68]
r = 16ε, n = 1− 2
(
ε+M
∂ε
∂ϕ
)
, (94)
where
ε =
8
B
, (95)
and B has to be taken at the value of ϕ where a given
fluctuation crosses the horizon.
A small r requires rather largeB. Our simple model with
B = 4 is not compatible with the small observed upper
bound on r. It is actually not a model of slow roll inflation
in the Einstein frame either. For an inflationary model the
”slow roll parameter” ε has to be small, in contrast to ε = 2
for the simple crossing model.
5. Discussion
We have presented a simple model of variable gravity
that admits a solution where the scalar field χ crosses the
value χ = 0 at some conformal time η = 0, χ(η = 0) = 0,
and with a finite derivative, ∂ηχ(η = 0) = τ . Per se,
this seems not to be very spectacular. Translated to the
Einstein frame with fixed Planck mass this solution has
a shrinking stage where the ”Big Bang singularity” is ap-
proached, and subsequently an expanding stage where cos-
mology moves away from the singularity. The ”Big Bang
singularity” corresponds to the value χ = 0. Crossing this
value corresponds to a crossing of the ”Big Bang singular-
ity” in the Einstein frame.
This finding clearly demonstrates the character of the
”Big Bang singularity” in the Einstein frame as a field sin-
gularity. Our solution is completely regular in the regular
scaling frame of variable gravity. The singularity appears
only by a field transformation to the Einstein frame. The
corresponding Weyl transformation becomes singular at
χ = 0. The Einstein frame is therefore a singular choice of
field coordinates. The ”Big Bang singularity” has a status
comparable to a coordinate singularity in geometry. Only
the coordinates are coordinates in the field space rather
than coordinates for spacetime.
The simplicity of models of variable gravity with only
two derivatives permits us to investigate the question if
crossing solutions are generic. Within this rather large
class of models the answer is negative. Crossing solutions
occur only in the case of particularly tuned parameters.
For generic parameters the general cosmological solutions
avoid a crossing of the ”Big Bang singularity.” More generic
solutions reach the value χ = 0 only in the infinite past for
η → −∞ [41, 43, 65], and may correspond to a crossover
from an ultraviolet fixed point of quantum gravity for the
infinite past to an infrared fixed point in the infinite future.
It is conceivable that crossing solutions could become
more generic once higher derivative terms are included in
the effective action. In this case one could perhaps also find
crossing solutions that become realistic models of inflation
in the Einstein frame. At the present stage there seems
to be no clear indication for our Universe to be described
by a crossing solution. Nevertheless, crossing cosmologies
remain a possibility, if higher derivative invariants play an
important role for the crossing.
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